MIFPA-13-01 



Supersymmetric Completion of Gauss-Bonnet Combination 

in Five Dimensions 



Mehmet Ozkan and Yi Pang 

George P. & Cynthia Woods Mitchell Institute for Fundamental Physics and Astronomy, 
Texas A&M University, College Station, TX 77843, USA 

ABSTRACT 

Based on super confer mal tensor calculus in five dimensions, we construct the super- 
symmetric completion of Gauss-Bonnet combination. We study the vacuum solutions with 
AdS2 X and AdS^ x S'^ structures. We also analyze the spectrum around a maximally 
supersymmetric Minkowskis . 



e-mails: mozkan@taniu.edu, pangyil@physics.tamu.edu 



Contents 



1 Introduction |3| 

2 Superconformal Multiplets 5 

2.1 Dilaton Weyl Multiplet 5 

2.2 Yang-Mills Multiplet 8 

2.3 Linear Multiplet lo 

3 Superconformal Actions |lO 

3.1 Linear Multiplet Action IC 

3.2 Yang-Mills Multiplet Action \u 

4 Gauge Fixing and OfF-Shell Actions |l3 

4.1 Gauge Fixing and Decomposition Rules 13 

4.2 Off-Shell Poincare Theory 14 

4.3 Riemann Squared Action [15 

5 Supersymmetric Gauss-Bonnet Combination |l7 

5.1 Supersymmetrization of C^jypa-C'"^'''^ 18 

5.2 Supersymmetric Completion of Gauss-Bonnet Combination [21 

6 On-Shell Theory bl 

6.1 On-Shell Poincare Supergravity 22 

6.2 On-Shell Gauss-Bonnet Extended Einstein-Maxwell Model l23 

7 Vacuum Solutions and Spectrum Analysis |24 

7.1 Vacuum Solutions with 2-form and 3- form Fluxes 25 

7.2 Vacuum Solutions Without Fluxes |26 

8 Conclusion and Discussions |27 
A Notations and Conventions |28 
B Multiplets of Five Dimensional Superconformal Gravity |29 



2 



1 Introduction 



Higher-curvature corrections to the Einstein-Hilbert action naturahy arise in the low-energy 
Umit of string theories and play an important role in their compactification [H [2] where 
curvature squared terms can appear in the lower dimensional effective action. In this con- 
text, higher-curvature corrections take the form of an infinite series required by on-shell 
supersymmetry which only works order by order. Many attempts have been carried out in 
the explicit construction of supersymmetric higher-derivative terms. For instance, super- 
symmetric B? terms were studied in [3]-|ll] motivated by supersymmetrizing the Lorentz 
Chern-Simons term that is indispensable to the anomaly cancelation |12j . However, if the 
higher-curvature terms are treated as perturbative interactions leaving the degrees of free- 
dom and propagator unchanged, only the coefficient in front of R^'^^'^ R^yp^ has a definite 
meaning, since a field redefinition of the form 



can shift the coefficients in front of the R^'^Rpy and R^ terms to arbitrary values [13]. On 
the other hand, there are also situations where it is interesting to consider a finite number of 
higher-curvature terms on the same footing as Einstein-Hilbert term, since higher-derivative 
terms can improve the ultraviolet behavior of gravitational theories [21]. Among all the 
quadratic curvature theories of gravity, the Gauss-Bonnet combination is singled out since 
it is ghost-free, sharing the similar property with Einstein gravity. Its form is given by 



In dimensions -D < 6, certain types of off-shell formulation of supergravity are known in 
which the higher-derivative bosonic terms can be extended to complete and independent 
super-invariants with only a finite number of terms being required. Progresses on super- 
symmetrizing the Gauss-Bonnet combination have been made. In four-dimensional N = 1 
supergravity, supersymmetric Gauss-Bonnet term with matter coupling was constructed in 
[141 flSj [161 fTTl I18j : in six-dimensional chiral N = 2 supergravity, partial results on the 
Gauss-Bonnet super-invariant were given in |19| I20|. 

In this work, we study the supersymmetric completion of Gauss-Bonnet combination 
in five dimensions. We use the five-dimensional super conformal tensor calculus [221 l23] 
which facilitates the construction tremendously. Since superconformal tensor calculus is an 
off-shell formalism, the analysis of the higher derivative terms can be done without modi- 
fying the supersymmetry transformation rules. The off-shell nature of the supersymmetric 




g^y + aRpy + bg^yR 




e-'CcB = Rf.upaR"""' - ^RuuR'"' + R^- 



(1.2) 
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invariants allow us to combine different invariants to obtain more general theories. 

The crucial observation in our construction of supersymmetric Gauss-Bonnet combina- 
tion is that although three independent curvature squared terms enter the expression of 
Gauss-Bonnet combination, such an off-shell construction might be possible with only two 
independent curvature squared super-invariants. This observation is based on the fact that 
the Riemann squared invariant obtained in [28] using the Dilaton Weyl multiplet contains an 
ordinary kinetic term for the auxiliary vector field V^-' . Thus the Riemann square extended 
Poincare supergravity contains a dynamical massive auxiliary vector in its spectrum which 
forms the same multiplet with the massive graviton generated by the Riemann squared 
term. By counting degrees of freedom, we notice that it might always be the case (except 
for the pure Ricci scalar squared invariant) that when formulated in terms of Dilaton Weyl 
multiplet, the curvature squared super-invariant includes an ordinary kinetic term for the 
auxiliary vector field V^"' . Therefore, if there exist two independent curvature squared super- 
invariants, a particular combination of them can be formed in which the kinetic term for 
the auxiliary vector vanishes. This implies that there is no massive graviton since the mas- 
sive vector and massive graviton fall into the same multiplet, suggesting that the curvature 
squared terms comprise Gauss-Bonnet combination. 

Based on the above observation, we start looking for another curvature squared invari- 
ant constructed in terms of the Dilaton Weyl multiplet besides the known Riemann tensor 
squared invariant. An obvious candidate is C^^^^C^ypa, which is the super confer mal ex- 
tension of the Weyl tensor squared term whose supersymmetric completion was obtained 
previously in |24j^ using the Standard Weyl multiplet coupled to the vector multiplet. Utiliz- 
ing superconformal tensor calculus, we super symmetrize the square of super-covariant Weyl 
tensor. We find that in addition to the Weyl tensor squared term, the bosonic action acquires 
a Ricci scalar squared term arising from the square of D, which is a fundamental scalar 
field in the Standard Weyl multiplet but a composite field in the Dilaton Weyl multiplet. 
Equivalently, the curvature squared terms in the action take the form of C^^P^C^ypa + ^R^. 
Since 

/-i^upa^ , 1 r)2 nfiupa Tj 4 jypv T) , 1 r?2 /-i q\ 

'^pupa ~r gJX — n ^pupcr ~ 3-n, Ilpi/ -\- g-fl {^■'~>) 

the ratio of coefficients in front of the R^^'^Rpy and R^ terms is -4, which is the required 
value to obtain the supersymmetric completion of Gauss-Bonnet invariant by combining a 
Riemann squared invariant with an appropriate coefficient. 

This paper is organized as follows. In section [21 we briefiy review the superconformal 



^The on-shell theory of this model is derived in 
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multiplets of five-dimensional supergravity constructed in [23\ [26l I29j . In section [3l we 
review the construction of the superconformal hnear multiplet action [27] and obtain a su- 
perconformal action for the Yang-Mills multiplet coupled to the Dilaton Weyl multiplet. 
In section HI we fix the superconformal symmetries to obtain an off-shell Poincare super- 
gravity and an off-shell Yang-Mills theory coupled to the Dilaton Weyl multiplet. Using 
a map between the Yang-Mills multiplet and the Dilaton Weyl multiplet [28], we recon- 
struct the off-shell supersymmetric Riemann squared action. In section [5l we present the 
super symmetric completion of C^'^P^C^^yp^j + ^B? and combine it with a supersymmetric 
Riemann squared invariant to obtain the supersymmetric Gauss-Bonnet combination. In 
section 6, we derive the D = 5 on-shell minimal Einstein Hilbert supergravity and on-shell 
Gauss-Bonnet extended Einstein-Maxwell supergravity. In section [TJ we discuss the vac- 
uum solutions with AdS^ x S*^ and AdS2 x structures. The bosonic spectrum around 
a maximally supersymmetric Minkowskis vacuum is also analyzed. In section [8] we give 
conclusion and discussions. 



2 Superconformal Multiplets 

In this section, we introduce the basic elements of five dimensional superconformal tensor 
calculus with eight supercharges [23^ I26j . In section 2.1, we present the Dilaton Weyl 
multiplet adopted in our construction. In the subsequent two subsections, we briefly review 
two superconformal matter multiplets oi D = 5, M = 2 theory: the Yang-Mills multiplet 
and the linear multiplet, which are used as compensator multiplets in the construction of 
superconformal actions. 

2.1 Dilaton Weyl Multiplet 

In [26], it was established that there exist two different Weyl multiplets for J\f = 2 confor- 
mal supergravity in five dimensions: the Standard Weyl multiplet and the Dilaton Weyl 
multiplet. These two multiplets have the same contents of gauge fields but different matter 
fields. However, the matter fields of the Standard multiplet can be built from the funda- 
mental fields in the Dilation Weyl multiplet as composite fields. The gauge sector of the 
Dilaton Weyl multiplet consists of a fiinfbein e^", a gravitino, ip^^, the dilatation gauge field 
b^, and the SU(2) gauge field Vjl"'. Since these gauge fields account for 21(bosonic) +24 
(fermionic) degrees of freedom, they cannot form a super-multiplet. Therefore, matter fields 
are needed to comprise a superconformal Weyl multiplet. For the Dilaton Weyl multiplet, 
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the matter sector consists of a physical vector C^, an antisymmetric two- form gauge field 
Bfj^i^, a dilaton field a and a dilatino -0*- The Q, S and K transformation rules for the 
Dilaton Weyl Multipet are given by |26] 

<5V = -|ie-(v;+4e-Sx^')+i6-(V-rV'^) + |i7?(V^), 

6a = ^ieijj , 

% = iie(/)/, - 2e7^x + + 2Ai^;. , (2.1) 

where 

T^ficr = [d^ - h^)a - \ itp^ilj , 

^\Ipa^\, + iia- V^^iV^V^' - ■ T^i, - , (2.2) 
and the supercovariant curvatures are defined according to 

Hf,up = H^i,p - \a'^i}[^-iu'<Pp] - |icTV5[^7^p]V', (2.3) 

In above expressions, Gfj_y = 2(9j^Cj^] and H^^p = ?>^^pB^,p\^ + ^Cy^G^py Note that and 
Hpup are invariant under following gauge transformations 

5Cp = dpA , SBf,, = 2d[^A,] - iAG^,. (2.4) 

The definitions of spin connection w^*^^ and the S-supersymmetry gauge field are given 
in [26] 



•/-M = ii7'^i?;„^(Q) - siiT^T^'i^lft^Q), (2.5) 
where R'' (Q), the supercovariant curvature of gravitino is defines as [26] 
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For future reference, we also give the supercovariant curvature of oj^""^ and V^'' |26] 

= 25[,F.]^^--2V(V.]fc^-)-3i<^[;V'3-^>]X^'^-iV^£^ (2.7) 
The Q- and S- transformations of the field strengths G^y and Habc ^'^^ presented in |26| 



-io-e7[a7 • T-fbcl^P - ^niaGbc]'^ - ^crfj-fabcip ■ (2.8) 
The expressions for the composite fields Tab, X* and D are given as follows [26] 

Tab = l(^~^((TGab + habcdeH'"^'' + hhabi^ 



X 



4' 



D = la-'a-a + la~\Vaa){V-a)-^a~^G^,G^^'' 

+ ( - ^Tab + 2a-^Gab + \ia-^^abA T"' , (2.9) 



where the superconformal d'Alambertian for a is given by 



□V = (a*^ - 26'^ + LOb^Vaa - iiV5a2?> - ^ai^al^X 
+iV^,7"7 • Til, + l^^al"^ + 2fa''a, 

111 ~ 6 A* 48 M '"^Mi^ ^ -'^MP 



/; = -i7^/ + ^e/7^, 7^^, = i2;/(M)e;,''e,a, 7^ = 7^/. (2.10) 



The notation R'{M) indicates that we have omitted the term in R{M). It was es- 
tablished in [26] that one can also construct another Weyl multiplet, the Standard Weyl 
multiplet if considering Tab,D and as fundamental fields instead as a matter sector in 
addition to the gauge sector of the Weyl multiplet. Therefore, the composite expressions 
of these fields establish a map from the Dilaton Weyl multiplet to the Standard Weyl mul- 
tiplet. We refer to |26t [27] for readers interested in the derivation of this map and the 
five-dimensional Weyl multiplets in superconformal theory. For later convenience, we also 
present the Q- and S- transformations of the composite fields |26j 

STab = ^ie-fabX - ^ieRabiQ) > 
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6D = epx-l^n-Tx-^VX, (2.11) 
where the supercovariant derivatives of the composite fields are 

T^liTab = df,Tab-bf^Tab-2ujf,''[^Ti,-^^-^i'll:i,JabX + ^^1ptiRab{Q)- (2.12) 

2.2 Yang-Mills Multiple! 

The off-shell non-abelian D = 5, M = 2 vector multiplet consists of 8n (bosonic) + 8n ( 
fermionic) degrees of freedom (where n is the dimension of the gauge group). Denoting the 
Yang-Mills index by / (/ = 1, • • • , n), the bosonic sector consists of vector fields Aj^, scalar 
fields and SU(2)-triplet auxiliary fields Y'^ ^ = y(*j)^. SU(2)-doublet fields A*^ constitute 
the fermionic sector. 

In the background of the Dilaton Weyl multiplet, the Q- and 5-transformations of the 
fields in the vector multiplet are given by [29] 

= -i^ . F'e' - \YppU' + /7 • Te' - Y'^ + p'rf , 
(5/ = iieA^ . (2.13) 

The superconformally covariant derivatives used here are 

^mp' = {d^-b^)p' +gfjK'Alp'' -Ui^^\\ (2.14) 

p^v^ = (a^-|6^ + iu;/S,,)A^^-y;^A} + g/jK'^;^v^ 

+^7 • i^'V'; + ^i^pV; + Y^''%, - p'l ■ Ti^'i. - p'<t>]. , (2.15) 
where the supercovariant Yang-Mills curvature is given as 

F/, = 2d[^Ai^ + gfjK'Af^A^ - V5[^7.]A' + ^ip'V^[^^.] . (2.16) 
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2.3 Linear Multiple! 

The off-shell D = 5,J\f = 2 linear multiplet contains 8 (bosonic)+8 (fermionic) degrees of 
freedom carried by the following fields 

{L'\E^,N,^'). (2.17) 

The bosonic fields are an SU(2) triplet = L^^^\ a constrained vector Ea and a scalar A^. 
The fermionic fields are given by an SU(2) doublet In the background of the Standard 
Weyl multiplet, the Q- and 5- transformations of the fields in the linear multiplet are given 
by EZ] 

6Ea = -^ie7abPV - 2e-f^ipTba - 2f/7a(/? , 

6N = ^ep^ + ^iej ■ Tip + Aifx^ Lij + ^ifj<f , (2.18) 
where the super-covariant derivatives are defined as 

V^V^ = {d^ - 3b^)V^ + 2V;(^fcL^> - #(V^'^ , 

'D^.Ea = {d^-Ab^)Ea+i0^abE^ + ^iij^,Jab'D^^ + 2ij^J^^Tha + 2^^JaV. (2.19) 

The closure of the superconformal algebra requires that the following constraint must be 
satisfied 

V^Ea = . (2.20) 
Thus Ea can be solved in terms of a 3-form E^^p as 

= -^e'^-P-^V.Ep,^, (2.21) 

where E^^p is invariant under the following gauge transformation 

^kEpyp = 33[^Aj,p] . (2.22) 

We can also express E^ and Ep^yp in terms of a 2-form potential according to [27| 

E^" = V^Ef"" , 
Epup = ^fiupaxE'^^ . (2.23) 



The supersymmetry transformations of the 2-form gauge field E^^, and 3-form gauge field 
are given in [27] 

SE^iyp = -e7^^p(^ + i^[^7^^]eJLij. (2.24) 

3 Superconformal Actions 

In this section, we review the derivation of the superconformal action for the linear multiplet 
|27j . and construct a superconformal action for the Yang-Mills multiplet. We begin with 
the following super-invariant density formula [23] 

+p{N + iV^.TV + li^Pir'iPlLi,) . (3.1) 
By integration by parts, Cy^ can be reexpressed as 

e~^CvL = Y'^ Lij + fXip - ^i^i-f^'i;^ + ^F^.E^"' 

+piN + IV^aTV + Wal'^'i^iUj) . (3.2) 

3.1 Linear Multiplet Action 

In this section, we construct the vector multiplet in terms of fundamental fields of the linear 
multiplet and the Dilation Weyl multiplet, and obtain an action for the linear multiplet by 
using vetor- linear Lagrangian (|3.2p . Firstly, the scalar p in the vector multiplet can be 
constructed from the elements of linear multiplet as follows [27] 

p = 2L^^N + i<fnpjL'^L-^, L^ = D^Lij. (3.3) 

Using this expression and applying a sequence of supersymmetry transformations, we obtain 
the full expressions for the components of vector multiplets in terms of elements in the linear 
multiplet [27] 

p = 2L-^N + \L-^(p'ip>Lij , 

Xi = -l-vp^iL^^ + (IGLijX-'' + 47 • T^i)L^^ - 2NLij<^L~^ 
+2\{TpUjV''^k - $Lij^)L-^ + 2iip^^i^jL-^ 
-6iip^ipk^iL''^LijL-^, 
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Yij = L ^o'-^ Lij — T>aLf.(^iI)°'Lj)^L''"^L ^ — N'^LijL ^ — E^E^LijL ^ 

-2V[^{L-^^%ip^Lij) - iL-'^R^,{Q) . (3.4) 

Substituting above composite expressions into the vector-linear Lagrangian (|3.2p . one ob- 
tains the superconformal action for the hnear multiplet [27] 

-E^E'^L"^ + fLT^ + ADL - ^L-^E^"" lid^L^Pd^Lpi 
+2E'"'df,{L~^E^ + V^^LijL"^) + fermions, (3.5) 

where the complete expression for the superconformal d'Alembertian is defined as 

LijO'^V^ = Lij{d''-ib'' + u,'"')VaV^ +2UjVJkT^''V'' + 6L^fa^ 

-iL.jr^Va^ - GL^r^aX - Lij^'l ■ Tj^'i^i + Lij^'l^ctPa ■ (3.6) 

Fermionic contribution to above action can be straightforwardly read from the formulae 
given in p.4p . 

3.2 Yang-Mills Multiplet Action 

This subsection is devoted to construct a superconformal action describing a vector multiplet 
coupled to a Dilaton Weyl multiplet. Such an action was previously obtained in |23j using 
the Standard Weyl multiplet and applied in [23] to derive an off-shell Poincare theory. 
Another use of the vector multiplet action was established in [261 I27| . where the vector 
multiplet action in the Standard Weyl multiplet background was used to derive the map 
between the Standard Weyl multiplet and the Dilaton Weyl multiplet. 

Similar to the construction of a linear multiplet action, we can use the density formula 
p.ip to obtain an action for an abelian vector multiplet coupled to a Dilaton Weyl multiplet. 
Based on the action for an abelian vector multiplet, we derive the action for a Yang-Mills 
multiplet coupled to the Dilaton Weyl Multiplet. 
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We start from the following identification 



L 



Y- ■ 



(3.7) 



This identification, however, has the wrong Weyl weight and fails to satisfy the S'-invariance 
of Lij (See Appendix B for the Weyl weights of the fields). The one with the right Weyl 
weight and invariant under the S'-transformation is given by 



(3.8) 



After employing a sequence of Q-and ^-transformations to ()3.8p . we obtain the full expres- 
sions for the components of linear multiplet in terms of the fields in the vector multiplet 
and Dilaton Weyl multiplet 



N 



1 abcde 



ipD^cj + \anCp + ^VapVa - iGabF"'' - 4.pa(^D + f 
+AaF''''Tab + 4pG'^'T,fe + Bi^xA + Sipxi' - {Xp^ - \^tX 
-|-i'(^7 • TA. 



(3.9) 



Inserting above expressions into density formula (|3.ip . we derive an action for an abelian 
vector multiplet coupled to a Dilaton Weyl multiplet. Generalization of the action for 
abelian vector multiplet to that for Yang-Mills multiplet is straightforward. The result is 
given by 



YM 



aij ( aYlrY^^ ^ - \aFl,F^- ' - \p' F^^.G^^ + ^ap'F^.T^^ + Ip'p'u^a 



where / = 1, 
is EH] 



+\ap'u^p^ + yVaP^Va - Aap'p^D + f T^) + Ap'p^G^uT^' 
_yupaXpi^^pj^(j^^ + fermions, (3.10) 

n and the complete expression of the superconformal d'Alembertian for p^ 



□ y = {d''-2b''+U;b'"')Vap' -lii^aV'X' -Ip'i^a^X 
^^i^al''l ■ TX' + Ua^X' + Ifa^p'. 



(3.11) 
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4 Gauge Fixing and OfF-Shell Actions 



In the previous section, we have obtained super conformal actions for a hnear multiplet and 
Yang-Mihs multiplet. In this section, we fix the redundant superconformal symmetries to 
obtain off-shell supersymmetric theories including a Poincare supergravity and Yang-Mills 
coupled to the Dilaton Weyl multiplet. 

As discussed in [30] for the four-dimensional case and in [23] for the five-dimensional case, 
the construction of a consistent Poincare supergravity requires more than one compensator 
multiplet if the Standard Weyl multiplet is adopted. However, if the Dilaton Weyl multiplet 
is utilized, a single compensator multiplet is sufficient to construct a consistent Poincare 
supergravity. As we will present shortly, a consistent Poincare supergravity is obtained via 
gauge fixing the superconformal linear multiplet action [27] instead of the vector multiplet 
action. The latter cannot give rise to a supergravity theory due to the lacking of Einstein- 
Hilbert term in the action. 

In section |4?T] we present our gauge choices and the corresponding decomposition rules. 
Imposing these gauge choices in the superconformal action, we obtain an off-shell Poincare 
supergravity in section 14.21 In section 14. 3[ we first present an off-shell action describing 
Yang- Mills coupled to a Dilaton Weyl multiplet. Then, using a map between Yang-Mills 
multiplet and Dilaton Weyl multiplet [28], we obtain an off-shell Riemann tensor squared 
invariant. Different from [28] where the five-dimensional Riemann squared invariant is 
obtained via circle reduction of the six-dimensional Riemann squared invariant, our con- 
struction of the Yang-Mills action is purely based on the superconformal tensor calculus. 

4.1 Gauge Fixing and Decomposition Rules 

In this section, we introduce our gauge choices to fix the redundant superconformal sym- 
metries in order to obtain off-shell supersymmetric theories. If we do not insist on the 
canonical Einstein-Hilbert term in the action, there exists a set of gauge choices facilitating 
the derivation of curvature squared invariant. These gauge choices arq^ 

Lij = ^6ijL, (7 = 1, ^' = 0, 6^ = 0. (4.1) 

The first gauge choice breaks the SU(2)^ down to U(l)ij whereas the second one fixes 
dilatations, the third one fixes special supersymmetry transformations and the last one 
fixes conformal boosts. After fixing the gauge, the remaining fields are 

e/(10), ^;,(32), C^(4), 5^,(6), ^^^(8), L(l), i?^,,(4), iV(l), 1/^(4), V;;^iW). (4.2) 
■^The canonical Einstein-Hilbert term can be obtained by using another set of gauge choices [27| . 
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To maintain the gauge (j4.ip , the compensating transformations are required including a 
compensating SU(2), a compensating special supersymmetry and a compensating conformal 
boost with parameters (up to cubic fermion terms) 



(-7-T + i7-G)e\ AK^ = -lie<P^-lif]i^t. + n^X- (4.3) 



4.2 OfF-Shell Poincare Theory 

Imposing the gauge fixing conditions (j4.ip in the linear multiplet action (j3.5p . one can 
obtain a consistent Poincare supergravity whose action is given bj|^ 

+fermions. (4-4) 
Notice that we have decomposed the field V^"' into its trace and traceless part as 

vl^ = v;:^ + \5^^v,, v;:^., = o. (4.5) 

The Poincare supergravity presented above is invariant under the following supersymmetry 
transformation rules (up to cubic fermion terms) 

5Cf, = -^ieip^, 
5Bf,y = Iny^il^u] + q^5(e)C^] , 
5L = -^ie^ip^ij , 

-V2LeWa5ii + |ie7 • H^, (4.6) 



^The action directly coming from (|3.5p by imposing (|4.1|l is equal to— e ^ Clr- 
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where we have used the torsionful spin connection [28] 

u:^f = (4-7) 
and the supercovariant curvatures under the gauge (j4.ip are |28] 

ij^,^ = 2Z)[^(^_)V^^] +i7^GA[^VH ' (4-8) 
G^, = 2a[^C,] + iiVS[;.V.] , (4.9) 
H^,^p = 3d[^,B^p] - |'0[^7^V'p] + ICimG^p] ■ (4.10) 

4.3 Riemann Squared Action 

In this section, we construct the supersymmetric Riemann squared action. To begin with, 
we shall review a map between the Yang-Mills super-multiplet and a set of fields in the 
Poincare multiplet ()4.2p . 

In establishing the map between Yang-Mills and Poincare multiplets, it is important to 
consider the full supersymmetry transformations, including the cubic fermion terms which 
have been omitted so far. In the following, we shall need the full supersymmetry transfor- 
mation rules for the fields (e^", V'Jt, V^"', C'p, B^^y). Up to cubic fermions, the transformation 
rules of {efj,"" , ip^j^jV/f , C^, B^^) are already given in (j4.6p . In this section, we will, however, 
keep the complete SU(2) symmetry, i.e. we do not impose = -^L5^^ . In this way we 
do not need to accommodate for the compensating SU(2) transformations proportional to 
A*4j. The full version of the supersymmetry transformations are given by |28] 

6Cp = -^ieipp , 
6B^, = ie7[^V.] + qp5(e)a] . (4.11) 

Next, we consider the following supersymmetry transformations 



1 

— i 
2 



5Gab = -■^ieV', 



5Vab'^ = - ^e-(^ • H^l - ie^'&iaiPl , (4.12) 



''After we construct the action, we can still impose the gauge = -^L5'^ . This will not affect the 
Riemann squared invariant. 
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where Rabcd{^+) denotes the super-covariant curvature of the torsionful connection In 
'Dfj_{ijjj^)Gab, the connection ujj^ rotates both the indices a and 6, and in T>fj_{u},u}^)ilj-'^^ the 
connection uj rotates the spinor index, while the connection oj^ rotates the Lorentz vector 
indices. V^;/*-' is the supercovariant curvature of V^^^ under the gauge choices (|4.ip 

V = V'-V;f;7''V^^}, + |V5?7-^V'^.^ + i#iV-G^^^^ (4.13) 

We now compare the above transformation rules with those of the D = 5, M = 2 Yang-Mills 
multiplet [28] 

= -\(j.F' -p'^-G)e' -\Ypp'e' -Y'i'e, , 
5p^ = \le\^ , (4.14) 

where F^,^ and p^ can be found in (I2.16P and (12.14p by imposing the gauge choices (14. ip 

+ 1 (j.f'- /t ■G)i^'^+ '^itp'i^l + Y'''i^>.j ■ (4.15) 

We observe that the transformations (j4.12p and (|4.14p become identical by making the 
following identifications [28] 

(4, A}, pj) ^ «+, -Vab'^, -^L Gab). (4.16) 

Setting ajj = 5ij and imposing the gauge fixing conditions (|4.ip in action p.lOp . we obtain 
e-^CYMl=i = Y^^'^' -\D^p'D^p' -\{Fi,-p'Gab){F-'' -p'G'''') 
-h'^'^'^iFib - p'Gab){F^d - p'G,,)Ce 

_i^abcde^pi^ _ piG^^)B^Dj + fermions. (4.17) 

Finally, using the map (|4.16p in above action (|4.17p . we obtain the supersymmetric Riemann 
squared action. Its purely bosonic part is given as 

^ ^'^Riem^ = —\{^R^JLvab{^+) — G fj^^G ab^ {^R^''"'^ {uJ+) — G^'^ G'^^^ 

-^D^{u+)G''''Df'{uj+)Gab + V^J^V^-'ij 

-l^^"^^'^^ (^R^J.uabi^+) - G^uGab^ (^Rpa"'^ {uJ+) - Gp^G"'''^ C\ 

-^e^'-P-^Bp^ ( Rp,ab{i^+) - Gp^Gab) Dx{uj+)G'''' + fermions . (4.18) 

We notice that the actions (j4.17p and (j4.18p obtained via superconformal tensor calculus 
match with those derived through the circle reduction of six-dimensional actions [28] . 



16 



5 Supersymmetric Gauss-Bonnet Combination 



In this section, we shall construct the supersymmetric completion of the Gauss-Bonnet 
combination 

e-i£GB = R^upaR'''''''' -^Rt.uR'"' + R^. (5.1) 

According to the usual routine, one may think of constructing three independent curvature 
squared super-invariants first, then combining them with proper coefficients to form a super- 
symmetric Gauss-Bonnet combination. However, as we mentioned before, two independent 
curvature squared invariants may be enough to obtain the supersymmetric completion of 
Gauss-Bonnet combination based on counting the degrees of freedom and the cancelation of 
the kinetic term for the auxiliary vector V^-'. This section is devoted to construct another 
curvature squared invariant. 

We start from the conventional constraint imposed on the supercovariant curvature of 
w/'' [231E6] 

e^bRpu^^M) = 0, (5.2) 

where R^i,°'^{M) is defined in (12. 7p . The conventional constraint (15. 2p implies that the 
supercovariant curvature of (jJ^""^ gives the Weyl Tensor, which is defined as 

Cfiupa — Rpvpcj "^{.OppRycr QvpRpa QpcrRvp ~l" di^o-Rpp) 

+^i9pp9ua - gpagup)R- (5.3) 



Its square is 



C^ypaC^^^'^ — RpupaR^'^^" ~ \Rpi>R^ + \R ■ (5.4) 



In the rest of this paper, we use C^^pa to denote the superconformally covariant Weyl tensor 
instead of Rp_i,°'^{M). Because the off-shell supersymmetric Riemann squared invariant 
is known, the Gauss-Bonnet super-invariant can be obtained by combining the Riemann 
squared invariant with another curvature squared invariant in which the curvature squared 
terms take the form 

CpupaC'^'''"' + \R^. (5.5) 

Although, none of the terms in (j5.5p is a supercovariant quantity, we can replace (|5.5p by 
the following supercovariant expression 

Cpup^C^^'^P'' + ^-fD\ (5.6) 
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since the composite field D (|2.9p under the gauge choices (j4.ip reads 

D = -^R- ^C^'Gab - fT^'Tab + 2T'''Gab + fermions. (5.7) 

Therefore, if (j5.6p can be supersymmetrized, we will get the desired the curvature squared 
terms in (j5.5p . When carrying out the supersymmetrization of (|5.6p . we find that in fact, 
the term is indispensable to the supersymmetrization of the Weyl tensor squared term, 
moreover, the relative coefficient between the Weyl squared term and the exactly matches 
with the one in (j5.6|) . the magical In the next section, we give the details of the 

construction. 

5.1 Supersymmetrization of C^^i^ptjC^^^'^ 

In this section, we first supersymmetrize the square of Weyl tensor by using (|3.2p in which 
the fields of linear multiplet are expressed as composites in terms of fields in Dilaton Weyl 
multiplet. We notice that to obtain the Weyl tensor squared term, N should begin with 
C^upaC^'^^'^ . The complete expression for N include a term ^^D^. After expanding D 
in terms of independent fields, we find that the curvature squared terms take the form 
of C^'^P'^C^iypa + which is different from those in the supersymmetric completion of 
CpupaC^''^''^ considered in [23| by using Standard Weyl multiplet where D is merely an 
auxiliary field. We obtain full composite expressions for the fields of linear multiplet in 
terms of fields in the Dilation Weyl multiplet as 

L'' = lihi{QW^''\Q) + ^ix^\^^ + fRab''{V)T''', 
= -hcdKb{Q)c^'''' - ^icKbiQ)^''T^ 

J? — J_f: , , nbcfgr^de ]_ T^bc T^deij 

iQ'^abcde'^ jg 22°^'"^"^ U 

I T^^ t Ar^ rpcd 64 7^ T-i 128 rpl ^Vlrp rpcdrri \ 

+V \ 4:L^abcd-L J ^ J- ab ^J-abJ^ ^J^ac^ J^bdJ 

-2,2eabcdeV''[lT^fVfT''^ + jV^T^f^ + fermions, 

N = IC'^'^^'^Cabcd + fD^ + ifir^D - fCabcdT'''' T'^" - IVab'^V^ij 
-fVaTbcVT^"^ + fVbTacVT^'^ - ^TabV^VcT"^ 

-^eabcdeT'^^T^'^VfT^f + 1024T^ - '^{T'^f + fermions. (5.8) 
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where the following notations are introduced for simplicity 

Under the gauge choices (14. Ij) Tab'^'^'DcT"-'^ is given by 

TabV'V.T''' = TabV^VcT''' + lR^^TabT\ - ^T^R + fermions, (5.10) 

where only contains the usual spin connection 

"^pTab = 5^r,6 - 2w/[,Tfc],. (5.11) 

To obtain ()5.8p we have used the Q- and S- transformations of supercovariant curvatures 
which can be found in [26]. Substituting the composite expressions (|5.8p into the density 
formula (j3.2p . we obtain the following action 

^-Ir — 1 „r'«^cd^ I 64 ^ n2 , 1024 „rp2 n 32 n P^b 

16 rpab rpcd I r,/^ rpcd rpcib I 1 , Aa/^bcfq/^de 

— ^P^abcdJ^ J + '^'-^abcdJ^ -T + YgCafecde^ (-^ fg 

-^eabcdeA'^V'^jV''^ + fYijVab''T''' " lpVab''V''\j + f pVbTacV^T^'^ 
_l|8pT„6p''PeT''^ - fpVaTbcV'T''^ + 1024pr^ - 2816^(2^2)2 

64t-i j-^abrp2 256 n-icdrp r?ab 32, n^cf rpde j-^ab 

— -Q-Lab^ J- ^--tac-t -tbd-f J<^abcdeJ- 1-^ f ^ 

-IQeabcdeT'' fV'T^f F^^ - ^peabcdeT^'T^'^VfT'^ + fermions, (5.12) 

where 

V*^- = 2a[^K]''^' - ai^/^V,]^^-). (5.13) 

This action ()5.12p describes the coupling between an external vector multiplet and Dilaton 
Weyl multiplet. If we simply combine above action with the Riemann tensor squared in- 
variant, we are not able to obtain the supersymmetric Gauss-Bonnet combination since the 
curvature squared terms in (|5.12p is multiplied by p which stays the same after imposing 
the gauge choices ()4.ip . By comparing the superconformal transformation rules of vector 
multiplet 

Sp = |ieA, 

6\' = -\^-Fe' -\Yppe' + p-fTe' -Y'^ej+prf, 
SY'^ = -ie(':^A^) + iie(*7-rA-')-4ipe(*x^Viir?(*AJ\ (5.14) 
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with those of {a, C^, ip^) in the Dilaton Weyl multiplet 
Sa = ^ieip, 

511;' = . Ge' - ^ifae' + aj ■ Te' - lia-hjtp'ij^ + ar)\ (5.15) 

we notice that there exists a map from vector multiplet to {a, C^, ip^) 

p^a, Aa^Ca, A^^V\ r^'^iia-VV\ (5.16) 

since 

5{\\a-^i)^'ij^^) = -^e^'ptp^^ + iie^S • Ti/j^'^ - 4icje(^x^'^ + ^i^/^V-^'^- (5-17) 

Using (j5.16p . we obtain the supersymmetrization of C^upcrC^'^P'^ purely based on the 
fields of Dilaton Weyl multiplet 

— -^<y^abcdJ' -t + ^L-abcd-f + Jgeafccdet^ fg 

-^eabcdeC^V'^V''^ + fY,,Vab'^T-' " l^rVj^V^j + faV.TacV'^T'^'^ 
-^aTabV^VcT'"' - faVaThcVT^'' + 1024cjT^ - ^aiT'^f 

64 /-labrj-fl 256 T-i rpcdrp /-~iab 32^ T^cf-r-) rpde/-iab 

— -Q-Lab^ J- ^--tac-t -tM^J J^^abcde^ '-^f^ ^ 

-IGeabcdeT'fV'T^fG''' - ^aeabcdeT''''T^''VfT^f + fermions. (5.18) 
Imposing the gauge fixing conditions (j4.ip . we obtain 

^.-Ir ol — Ip nabcd Ip pafe I 1 p2 I 64 n2 I 1024 ^^2 n 
6 -'-(jC2|o-=1 — s^abcdJ^ — Q^ab^ + 48^^ + T-'^ "I 9~'^ ^ 

16 D rr-rafo rricd , r) D rjicd/^ab , 1 /^dfo 8 D brjicd 

— ^n-abcdJ^ -t + ^-tiabcd-L +3-KJabLr — ^n-bd'^c 

64 Tjbcrp rpa I 8 DT^2 32 r-i rp y^afe , 1 , /^a r>bcf q rjde 

— -3^ J^ab^ c + ^t<^J- J-ab'^ + jQ^abcde^ ' ^ K fg 

+ fVbTacV''T''' - Ifr.feWeT'^'^ - ^^eabcdeT'^'T^'^V fT^f 

+1024 - ^(r2)2 - ^^TabC^T"^ - '^TacT^'^TMC^ (5.19) 
-ftabcdeT'^fV fT'^^G'^'' - WeabcdeT'fV^'T'^G'''' + fermions, 



where 



D = - - ^G'''' Gab - f T'''Tab + 2T'''' Gab + fermions, 
Tab = iGab + ^eabcdeH'^'^' + feimions. (5.20) 
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5.2 Supersymmetric Completion of Gauss-Bonnet Combination 

In previous sections, we obtained the supersymmetric completion of Einstein-Hilbert, Rie- 
mann tensor squared and Weyl tensor squared actions. Because of the off-sheh nature 
of these invariants, we can combine them to form a more general theory with two free 
parameters 

^ = ^LR + a>CRicm2 + /3^ctC2 |(t=1 • (5.21) 

The Gauss-Bonnet combination corresponds to case with /3 = 3q in which the kinetic term 
of auxiliary vector VJ]'' vanishes. Using /3 = 3a, the purely bosonic part of Lagrangian (j5.2ip 
takes the form 



+lRi,upaR^'''"' - iRf.uR^" + ^R^ + 641)2 
-le^'-p-^Bp^(^R^,ab{u^+) - G^.G,;,) Va(u;+)G"^ 

_l__3_ fip.nupT5 ncr\ ^ _ 1 , . (^^J■^/l^P . A/^rXij 

I \Q'^^vpu\^ TO ^'^i^iupaX^ ' I] ^ 

-im^.p^T^"' TP- + m^^p^GP^TP- + RT^.GP'^ - SR^.G^^'T'^'^ 
-UR^^T^pT" ^ + SRT"^ - 32D Tp^GP" + ^T^D - MV pT^pVPT^P 
+M\/PT''PV,Tpp - USTp^V'V^TP'' - p{uj+)G''''VP{uj+)Gab 
+3072 - 2^(r2)2 - fTp^GP^T^ - 2^QTp„T"PTp^G''P 
-USep^p^xTP'TP'^VrT^^ - 32ep,p^xGP'TP-VrT''^ 
-ASep^p^xGP^TPrV'T^^j. (5.22) 

We notice that the ratio of the coefficients in front of the Gauss-Bonnet combination and the 
Chern-Simons coupling CpupaxGPR'^P^'^ R"^St is ^ which is consistent with the value resulting 
from the circle reduction of the partial results given in \19\ [20] on the six-dimensional 
supersymmetric Gauss-Bonnet combination. 



6 On- Shell Theory 

In this section, we study the on-shell theory of the Gauss-Bonnet extended supergravity to 
first order in a upon eliminating the auxiliary fields. In section [6?T1 we present the minimal 
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on-shell Poincare supergravity by eliminating the the auxihary fields {E^yp, Vp,N, V^'^^) and 
truncating the matter multiplet {B^^, L, ip^). In section [6^21 we obtain the on-shell Gauss- 
Bonnet extended Einstein-Maxwell supergravity to first order in a by using the equations 
derived from the 2-derivative Lagrangian that is zeroth order in a. 

6.1 On-Shell Poincare Supergravity 

To eliminate the auxiliary fields (N, Pa^Vfi^Vfi^''), we use their equations of motion 

= N, = e''''P''^d,Ep„x, = y;*^ (6.1) 
= d^'iL-^d^^Eyp^^ + ^e^yp^xV^). (6.2) 



Equation (j6.2p implies that locally 

-ll-h^'^P'^^dyEp^x + ^V^ = d^4>, (6.3) 

where (p is a Stueckelberg scalar. Eliminating this scalar by using the shift symmetry 
transformation and using the second equation in ()6.ip , we obtain [f| 

V^ = 0. (6.4) 

It follows that the corresponding on-shell theory is given by 

e-i£'EM = hn + h-'d^Ld'^L-^LG^yG''-' -hH^^pH^^-^P . (6.5) 

To truncate out the matter multiplet {Bp^i,, L, ip"^), we first dualize Bp^^, to a vector field Cp 
by adding the following Lagrange multiplier to (|6.5j) 



AC = --e^^'^p'^^B^ypG^x, Gp,^2d[pC,], (6.6) 
and replacing Hf^^p by Bp,yp + |C[^G,^p]. The field equations of Cp and Bp,yp imply that 

Bp,p = 3d[pB,p], H^''P = -^L~'e^'''^^^G^x- (6.7) 
Substituting (16. 7p to (j6.5p . we obtain the on-shell ungauged Einstein-Maxwell supergravity 



e-^CEM = -LR+ -L-^dpLd^L- -LGp^G^" - -L-^GpyG^'" 



hn+h-'dpLd'^L-^:" ^ 

^^^t^^paXCpGypG^x , (6.^ 



^In the original Poincare theory (|4.4p U(l)ii symmetry is gauged by the auxiliary vector VJj. However, 
in the on-shell theory, the U(l)ij symmetry becomes global due to the elimination of V^. 
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where (e^°, ^Z^^, C^) constitute the supergravity multiplet while {C^,Lp^,L) comprise the 
MaxweU multiplet. 

Truncation of the Einstein-Maxwell theory to the minimal on-shell theory can be im- 
plemented by imposing 

L = l, C^ = C^, </p^ = 0, (6.9) 
which is consistent with the equations of motion 

LR^y = V^V^yL — L ^d^LdijL + LG^'^Gycr + \L ^G^/Gya 
= V-{LG,p) + ^ep^^^xG''PG^\ 

= V{L~'G,f,) + ^ep,p^xG''fG''\ (6.10) 
and leads to the following transformation 

Si^l = (a^ + ia;/V,)e^ + ii(7/''-45;:7'')G.p, 

5Cf, = -iieV/.- (6.11) 

The resulting action coincides with the minimal on-shell supergravity in five dimensions 
[35] 

1„ 3^ ^„„ 1 
2' 



e-'C^^ = - ^G.^yG'^" + eA^-^-^C^G.pG.A • (6.12) 



The canonical kinetic term of can be recovered by a scaling — )■ "^C*^. 

6.2 On-Shell Gauss-Bonnet Extended Einstein-Maxwell Model 

With the Gauss-Bonnet combination added, the duality relation ()6.7p and truncation con- 
dition must receive corrections proportional to the powers of a, if we consider a pertubative 
expansion valid when the energy scale A satisfies <^ We follow the procedure of 

|31j . Schematically, the off-shell action (j5.22p takes the form 

^off-shoiiM = So[(p] + aSi[(p] . (6.13) 



It follows that the auxiliary field equations (|6.ip - (|6.2p . the field equation for B^j^^p ([67 
as well as the truncation equation (j6.9p must receive corrections proportional to a. The 
solution to those equations can be expressed in terms of a series expansion in a 

(j) = + Q,(/)i + + • • • , (6.14) 
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where (po is the solution to the zeroth order equation given in previous section. As a 
consequence, the on-shell action possesses the form 



'S'on-shcIl[</'] 



SoiM + a{Si[(po] + 0i5'o[<^o]) H • 



(6.15) 



In the above equation, 5'o[(/>o] = when is an auxihary field or a Lagrangian multi- 
plier. We eliminate the auxiliary fields and Lagrangian multiplier by plugging their 
zeroth order solutions to the action (I5.22p . Ultimately we derive the on-shell Gauss-Bonnet 
extended Einstein-Maxwell theorjif 



T^, = ^(2G^, + L-iG^,), 0;+/' = '^Z' - i^'^e^/e^^'^'Ged. (6.17) 
7 Vacuum Solutions and Spectrum Analysis 



In this section, we investigate the vacuum solutions and spectrum to the general theory 

(j5.2ip . The results for Poincare supergravity extended by Gauss-Bonnet combination can 

be obtained as special case when [3 = 3a. 

® Generalization of the Gibbons-Hawking boundary term in theories with generic curvature-squared cor- 
rections in the presence of a chemical potential is studied in [32j . 




£em + oCgb) = -LR + -L-^dpLd^L - -LGp.G^'^ - -L'^Gp^G^'^ 
+-^e^'^'"^^CpG„pGcrx + a ^RpupcrR'^"^'^ — ^RfiuR^"^ + i^-R^ 




(6.16) 



where Tpi, and oj+p are now given by 
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7.1 Vacuum Solutions with 2-form and 3-form Fluxes 

We first consider solutions with AdSs x structure. To solve the equation of motion, we 
make the following ansatz where Greek indices denote the coordinates on Lorentzian AdS^, 
while latin indices stand for the coordinates on 5^ 

R^jLVpa — ~(i'{,9^ip9vcF ~ 9pa9vp)i Rpqrs — b{9pr9qs ~ 9ps9qr)i 

L = -^^0) = cepq, H^pp = de^iip. ('''•1) 

In above equation, e^up and e^s are the Levi-Civita tensors on AdS^, and S"^ respectively. 
The full set of equations of motion are solved provided that the following equations are 
satisfied 

6a - 26 + - 2d^ = 0, 

\Lo{-a + d^) + ^(-a^ + - 260^ + - 4.acd + Wad^ + W - 9d^) 

+ ^(a^ + a6 - 6^ + Ibc^ - + 2acd - lOad^ - bd"^ - 2cd^ + 9d'^) = 0, 

lLo{b - c^) + |(3a2 - 6^ + Abc^ - 3c^ - 4bcd + 4c^d - Qad^ + M*) 

+ ^(-3a2 + 6^ _ 45^2 ^ ^ 4^^^ _ 4^3^ ^ g^^2 _ 3^4n ^ z-^ ^) 

6 

The integrability conditions for the Killing spinor equations = and (5e(/?* = are 

{Rpud^-) - '^GpaG.aY'e = 0, [iGp, - iH^^-,j^ye = 0, (7.3) 

where fi, a = 0, 1, ... 4. Substituting the ansatz ()7.ip into the integrability conditions ()7.3p . 
we find that when 

a = (^^ 6 = c^ c = -2d, (7.4) 

the integrability conditions are satisfied automatically without imposing any projection 
condition on the Q transformation parameter e. Therefore, this solution possesses max- 
imum supersymmetry. Remarkably, this solution exists for arbitrary values of Lq, a, /3. 
Thus it seems that the higher derivative correction will not affect the super symmetric so- 
lutions. A similar phenomenon happens in 6D chiral gauged supergravity extended by 
Riemann squared invariant [33]. Next we investigate solutions with AdS2 x 5"^ structure. 
We make similar ansatz as previous case except that Greek indices denote the coordinates 
on Lorentzian AdS2, while latin indices are used for the coordinates on 

Rpvpa — ^{,9pp9y<y 9p(t9vp^i Rpqrs — ^(,9pr9qs 9ps9qr)i 

L = Lq, Gfj_i/ = Ce^jy, Hpqr = dCpqr- ('''•5) 
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In this case, the solutions of equation of motion are determined by 
6a - 26 + - 2(f = 0, 

iLo(a - d^) + f (-a^ + " ^^c^ + - 4acd + Wad^ + 4c(i3 - 9d^) 

+ ^(a2 + a6 - 6^ + 260^ - - 2ac(i - lOad^ - ^fi^ + 2cd^ + 9(i^) = 0, 
iLo(-6 + c^) + |(3a2 -b^ + Abc^ - 3c^ - Abed + Ac^d - 6ad^ + 3d^) 

+ -(-Sa^ + 6^ - 4bc^ + 3c^ - 46c(i + Ac^d + 6ad^ - 3d^) = 0. (7.6) 
6 

By examining the integrabihty conditions (j7.3p . we find that solution with maximum su- 
per symmetry is given by 

a = d^ 6 = c^ c = 2d, (7.7) 
for arbitrary values of Lq, a, f3. 



7.2 Vacuum Solutions Without Fluxes 

If we set c = d = 0, the solutions are simply 

1) AdSs X : b = 3a, ^ = 6a, a = - — , 

2a 

2) AdS2 X : b = 3a, p = 6a, a = —, 

2a 

3) Minkowskis (7.8) 

In this case, the maximally super symmetric vacuum solution is just Minkowskis. Following 
the procedure carried out in the spectrum analysis of six-dimensional higher derivative 
chiral supergravity [331 El], we study the bosonic spectrum of the perturbations around the 
maximally supersymmetric Minkowskis vacuum. We define the linearized fluctuations, 

gfiu = Vfj-u + hfj,^, L = LQ + (f>, = c^, 

yi^=vii, B^, = b^,. (7.9) 

The linearized Einstein equation and L field equation take the following form 



Lo + |(/3-3a)nj4t) = i(/3-3a)a^a,/2(^) + f r?^,i2(^) -77^,n</) + 9^9,0(7.10) 
Loii^^) = 2ncj), (7.11) 

where R^^!^^ and i?^^^ are the linearized Ricci tensor and Ricci scalar. Inserting (j7.1ip into 
the trace of linearized Einstein equation, we get 

(Lo + |(/3-3a)n)n0 = O. (7.12) 
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This equation describes a massless scalar and a massive scalar with mass squared 

To simplify the linearized Einstein equation, we choose the usual De Bonder gauge in which, 

RfJ = (7.14) 
Then using the ([7^1]) and ([7T2|) . we find 

(□ - m2)n/i^^ = -2L^^{n - m'^)d^d^ct). (7.15) 

Since (f) can be solved from (I7.12p . the right hand side of above equation is known function. 
The homogeneous solutions of above equation describe a massless graviton and a massive 
graviton with a mass squared the same as that of the massive scalar. 

Equations of motion for the remaining fields can be straightforwardly obtained by choos- 
ing the Lorentz gauge for the gauge fields 

Lo + |(/3-3Q)n)n j 1=0, (Lo + |(/3-3a)n)<^' = 0. (7.16) 

In summary, for generic a, /3, the full spectrum consists of the (reducible) massless 12+12 su- 
pergravity multiplet with fields {h^j^^, b^^, c^, (p, V^, ip'^) and a massive 32+32 supergravity 
multiplet with ghost fields (/i^jy, b^^, c^, cp, v]i,ijjjj^, <y9*). At the special point where /3 = 3a, 
the curvature squared terms in the action furnish the Gauss-Bonnet combination, massive 
particles become infinitely heavy and decouple from the spectrum leaving only the massless 
excitations as expected from the ghost-free feature of Gauss-Bonnet combination. 



8 Conclusion and Discussions 

Using the superconformal tensor calculus in five dimensions, we have constructed an off-shell 
theory with four parameters 

e~^C = + ^£ym I f7=i + a^Ricm^ + /3^(tC2 U=i + C^pij2 1 cr=i- (8.1) 

The supersymmetric Gauss-Bonnet extended Poincare theory corresponds to the case where 
^ = ^ = and f3 = 3a. Although the auxiliary fields do not propagate in this model, they 
can be eliminated order by order in a. We obtain the on-shell theory of this model to first 
order in a. The maximally supersymmetric solutions to the ordinary 2-derivative Einstein- 
Maxwell supergravity are known including Minkowskis , Ad^a x and AdS^ x S^. We found 
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that these solutions are not modified by the inckision of the higher-derivative interactions 
proportional to a and (3 for arbitrary values. The spectrum of this theory around the 
maximally supersymmetric Minkowskis is determined. We show that the spectrum has a 
ghostly massive spin two multiplet in addition to a massless supergravity and a Maxwell 
vector multiplet. However, when (3 = 2>a corresponding to the Gauss-Bonnet combination, 
the massive spin-2 multiplet decouples. 

Our off-shell model is ungauged and therefore does not admit AdS^ as a supersymmetric 
vacuum solution. The gauging of our model should be interesting. A further question 
is the matter couplings of this theory. Since neither "very special geometry" |35^ [36], 
nor "quaternionic Kahler geometry" [29] arise naturally in our model via the gauge fixing 
condition (j4.ip . it would be interesting to investigate how the scalars in the vector multiplet 
and hypermultipet are constrained and what kind of geometries arise. Finally, we hope 
to generalize our construction to D = 6, A/" = (1,0) off-shell supergravity to derive the 
supersymmetric completion of the Gauss-Bonnet combination in six dimensions. 
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A Notations and Conventions 

In this paper, we use the conventions of [26j. The signature of the metric is diag(— , -|-, -|-, -|-, -|-). 
The SU(2) indices are lowered or raised according to NW-SE convention 



where ei2 = —£21 = = 1- When SU(2) indices on spinors are suppressed, NW-SE 
contraction is understood. 




Ai — A"^ Eji , 



(A.l) 



,ai... a„ 



X = V'V 



:« ai... a„ 



(A.2) 



where ^"i --'^" is defined as 
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,ai-a„ 



,[ai 02 ...^a„ 



(A.3) 



Changing the order of spinors in a bilinear leads to the following signs 



V'*7(n)X^ = *nX^7(n)V'\ 



(A.4) 
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where Iq = ti = —t2 = —is = 1. We also used the following Fierz identity 

i^jx' = -iXV, - ixSVjTa + lx'r%lab. (A.5) 
The Levi-Civita tensor is real and satisfies 

epi...p„gi...gme — ^■^■"[qi..."q^]- {-^■^) 

Finally, the product of all gamma matrices is proportional to the unit matrix, and we use 

^abcde ^^abcde 

B Multiplets of Five Dimensional Superconformal Gravity 

In this appdendix, we give the SU(2) representations and Weyl weights of the fields appear- 
ing in this paper. 



Multiplet 


Field 


SU(2) reps. 


Weyl weight 


Dilaton Weyl Multiplet 




1 


-1 






2 


1 

2 






1 









3 







c. 


1 









1 







a 


1 


1 






2 


3 
2 


Vector Multiplet 


\ 


1 









2 


3 
2 




P 


1 


1 






3 


2 


Linear Multiplet 




3 


3 






2 


7 
2 




Ea 


1 


4 




N 


1 


4 
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